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Form factors from dispersive integral equations {#Sec6}
===============================================

We follow here a general approach to the construction of form factors which implements unitarity relations and chiral constraints and, additionally, impose the absence of zeros and consistency with the QCD asymptotic behaviour. We will briefly review this method below, which was applied previously to the scalar $\documentclass[12pt]{minimal}
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Phase dispersive representation {#Sec7}
-------------------------------

The crucial property of two-meson form factors is that they can be defined as analytic functions in the complex energy plane, with a cut lying on the positive real axis in the range $\documentclass[12pt]{minimal}
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Determination of the form factors from the *T*-matrix {#Sec8}
-----------------------------------------------------
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Two-channel unitary *T*-matrix parametrisation with chiral matching {#Sec9}
===================================================================
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We consider the two form factors defined in Eq. ([2](#Equ2){ref-type=""}). At leading order of the chiral expansion, the form factors are simply constant,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_S^{\eta \pi }(0)=\frac{\sqrt{6}}{3},\quad F_S^{K{\bar{K}}}(0)=1\qquad (LO). \end{aligned}$$\end{document}$$Computing and adding the next-to-leading order corrections, the form factors can be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_S^{\eta \pi }(s)= & {} F_S^{\eta \pi }(0)\, \left\{ 1 + {s\over F_\pi ^2} \, \left[ 4\,L^r_{5} - \frac{3}{4}\,\frac{1}{16\pi ^2}(1+ L_K)\right] \right. \nonumber \\&\left. -\frac{1}{4F_\pi ^2}\,(4\,m_K^2-3\,s)\,{\bar{J}}_{KK}(s) +\frac{m_\pi ^2}{3F_\pi ^2}\,{\bar{J}}_{\pi \eta }(s)\right\} ,\nonumber \\ \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_S^{K{\bar{K}}}(s)= & {} F_S^{K{\bar{K}}}(0)\,\left\{ 1 + \frac{s}{F_\pi ^2} \, \left[ 4\,L^r_{5} -\frac{1}{4} \frac{1}{16\pi ^2}(1\right. \right. \nonumber \\&\left. +2 \,R_{\pi \eta }+2\,L_\eta + L_K)\right] + \frac{s}{4F_\pi ^2}\, {\bar{J}}_{KK}(s)\, \nonumber \\&\left. - \frac{1}{6F_\pi ^2}\,(4\,m_K^2 - 3\,s){\bar{J}}_{\pi \eta }(s) \right\} , \end{aligned}$$\end{document}$$where we have introduced the notation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L_P=\log \frac{m_P^2}{\mu ^2},\ R_{PQ}=\frac{m_P^2\,\log (m_P^2/m_Q^2)}{m_P^2-m_Q^2}, \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{J}}_{PQ}(s)$$\end{document}$ are the loop functions defined to vanish at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=0$$\end{document}$ (we use the same notation as Ref. \[[@CR23]\]),$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\bar{J}}_{PQ}(s)= & {} \frac{s}{16\pi ^2}\int _{(m_P+m_Q)^2}^\infty \mathrm{d}s'\, \frac{\sqrt{\lambda _{PQ}(s')}}{(s')^2(s'-s)}\nonumber \\= & {} \frac{1}{16\pi ^2}\left[ 1+\left( \frac{\varSigma _{PQ}}{\varDelta _{PQ}} -\frac{\varDelta _{PQ}}{s}\right) \log \frac{m_P}{m_Q}\right. \nonumber \\&\left. +\frac{\sqrt{\lambda _{PQ}(s)}}{2s}\,\log \frac{\varSigma _{PQ}-s+\sqrt{\lambda _{PQ}(s)}}{\varSigma _{PQ}-s-\sqrt{\lambda _{PQ}(s)}}\right] \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\varSigma _{PQ}=m_P^2+m_Q^2,\quad \varDelta _{PQ}=m_P^2-m_Q^2,\nonumber \\&\lambda _{PQ}(s)=s^2-2\varSigma _{PQ}\,s+\varDelta _{PQ}^2. \end{aligned}$$\end{document}$$The expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&F_S^{\eta \pi }(0)={\sqrt{6}\over 3}\bigg \{ 1 + {m_K^2\over F_\pi ^2} \, \left[ - 64\,L^r_{7}+ 32\,L^r_{6}\right. \nonumber \\&\quad \left. -\frac{32}{3}\,L^r_{5} - 16\,L^r_{4} + \frac{1}{16\pi ^2}\,\left( 1 - \frac{2}{9}\,L_\eta + 2\,L_K\right) \right] \nonumber \\&\quad + {m_\pi ^2\over F_\pi ^2} \, \left[ 32\,L^r_{8} + 64\,L^r_{7} + 16\,L^r_{6} - \frac{16}{3}\,L^r_{5}- 8\,L^r_{4}\right. \nonumber \\&\quad \left. \left. +\frac{1}{16\pi ^2}\,\left( -\frac{1}{3}\,R_{\pi \eta } - \frac{5}{18}\,L_\eta - \frac{1}{2}\,L_\pi \right) \right] \right\} \end{aligned}$$\end{document}$$and the expression of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$ reads$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&F_S^{K{\bar{K}}}(0)= 1+ \frac{m_K^2}{F_\pi ^2} \, \left[ 16\,(2\,L^r_{8}-L^r_{5}) + 16\,(2\,L^r_{6}-L^r_{4})\right. \nonumber \\&\quad \left. + \frac{1}{16\pi ^2}\left( \frac{2}{3}\,R_{\pi \eta } + \frac{10}{9}\,L_\eta \right) \right] + \frac{m_\pi ^2}{F_\pi ^2} \, \left[ 8\,(2\,L^r_{6}-L^r_{4})\right. \nonumber \\&\quad \left. +\frac{1}{16\pi ^2}\left( -\frac{1}{9}\,L_\eta \right) \right] . \end{aligned}$$\end{document}$$

Appendix A.1 Remarks on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$ {#Sec15}
------------------------------------------------------------------------------------------------------

The value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$ can be simply related to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K^0-K^+$$\end{document}$ mass difference. Indeed, using isospin symmetry, one can express the form factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_0 F_S^{K{\bar{K}}}(s)=\left\langle {\frac{{K^0}{{\bar{K}}^0}-{K^+}{K^-}}{\sqrt{2}}\left| \frac{{\bar{u}}{u}-\bar{d}{d}}{\sqrt{2}}\right| 0}\right\rangle . \end{aligned}$$\end{document}$$Then, writing the quark masses as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m_u= \hat{m}-\frac{1}{2}\varDelta _{du},\quad m_d= \hat{m}+\frac{1}{2}\varDelta _{du}, \end{aligned}$$\end{document}$$Feynman--Hellmann's theorem yields the following relation:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_0 F^{K{\bar{K}}}_S(0)=\frac{\mathrm{d}}{\mathrm{d}\varDelta _{du}}\left( M^2_{K^0}-M^2_{K^+}\right) . \end{aligned}$$\end{document}$$One can easily reproduce Eq. ([A.8](#Equ58){ref-type=""}) using this relation and the chiral formula for the mass difference $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^2_{K^0}-M^2_{K^+}$$\end{document}$ from Ref. \[[@CR23]\]. Using this formula, one can also derive an alternative expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_S^{K{\bar{K}}}(0)= \frac{(m_K^2-m_\pi ^2)}{(m_s-\hat{m})B_0}\times \frac{r_2+1}{r+1} \end{aligned}$$\end{document}$$where *r* is the quark mass ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_s/\hat{m}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_2= 2m_K^2/m_\pi ^2-1$$\end{document}$ is the value of this ratio at chiral order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^2$$\end{document}$. The deviation of the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$ from 1 can thus be interpreted as a measure of the size of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(p^4)$$\end{document}$ corrections in the chiral expansion of the mass difference $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_K^2-m_\pi ^2$$\end{document}$. Table [5](#Tab5){ref-type="table"} below shows that, if one uses the set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_i$$\end{document}$ with large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_6$$\end{document}$, this correction is rather large (of the order of 40 %).

We can also perform a verification of the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$. Using the Ward identity in pure QCD,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} i\partial _\mu {\bar{u}}\gamma ^\mu {d}=(m_d-m_u)\,{\bar{u}}{d}, \end{aligned}$$\end{document}$$we can relate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{\eta \pi }_S(0)$$\end{document}$ to the value at zero of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \pi $$\end{document}$ vector form factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{\eta \pi }$$\end{document}$ (normalised as in Ref. \[[@CR62]\]) when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^2=0$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_S^{\eta \pi }(0)= \frac{\sqrt{2}(m_\eta ^2-m_\pi ^2)}{(m_d-m_u)B_0} \left. f_+^{\eta \pi }(0)\right| _{e^2=0}. \end{aligned}$$\end{document}$$Inserting the chiral expansion expressions for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\eta ^2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\pi ^2$$\end{document}$ from Ref. \[[@CR23]\] and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{\eta \pi }(0)$$\end{document}$ from Ref. \[[@CR62]\] one can recover Eq. ([A.7](#Equ57){ref-type=""}).

The numerical values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$ are needed as input in order to solve the integral equations ([30](#Equ30){ref-type=""}) for the scalar form factors. The values at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=0$$\end{document}$ are rather sensitive to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/N_c$$\end{document}$ suppressed couplings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_6$$\end{document}$ as can be seen from Table [5](#Tab5){ref-type="table"} below. However, the determination of the scalar radii $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\langle r^2 \rangle }_S^{\eta \pi }$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\langle r^2 \rangle }_S^{K{\bar{K}}}$$\end{document}$ from the integral equations depends only on the ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)/F_S^{K{\bar{K}}}(0)$$\end{document}$. It is easy to verify that this ratio is independent from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_6$$\end{document}$ at NLO.Table 5Numerical values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$ in the chiral expansion at LO and at NLO using two sets of low-energy couplings (see Table [1](#Tab1){ref-type="table"})$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(p^2)$$\end{document}$Small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_4^r$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_6^r$$\end{document}$Large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_4^r$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_6^r$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{\eta \pi }(0)$$\end{document}$0.8160.8261.421$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_S^{K{\bar{K}}}(0)$$\end{document}$10.8161.428

Appendix A.2: Expression of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _2$$\end{document}$ {#Sec16}
------------------------------------------------------------

We reproduce here the detailed expression (as given in eq. 6.2 of Ref. \[[@CR24]\]) for the term $\documentclass[12pt]{minimal}
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We give below the expressions of the chiral NLO contributions to the one-variable functions associated with the amplitudes $\documentclass[12pt]{minimal}
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The three functions involved in the NLO contributions to the amplitude were denoted as $\documentclass[12pt]{minimal}
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